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Abstract 

Renormalization of two-loop divergent corrections to the vacuum expectation 
values (ui, V 2 ) of the two Higgs doublets in the minimal supersymmetric standard 
model, and their ratio tan/3 = U 2 /U 1 , is discussed for general gauge fixings. When 
the renormalized (ui, V 2 ) are defined to give the minimum of the loop-corrected 
effective potential, it is shown that, beyond the one-loop level, the dimensionful 
parameters in the gauge fixing term generate gauge dependence of the renor¬ 
malized tan /3. Additional shifts of the Higgs fields are necessary to realize the 
gauge-independent renormalization of tan /3. 
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Several extensions of the standard model have more than one Higgs boson donblets. 
For example, the minimal snpersymmetric (SUSY) standard model (MSSM) BH has 
two Higgs donblets 

H, = {HlH^), H, = {Ht,Hl). ( 1 ) 

Both Hi and if® acqnire the vacnnm expectation valnes (VEVs) Vi [i = 1,2) which 
spontaneonsly break the SU(2) x U(l) gange symmetry. are then expanded abont 
the minimnm of the Higgs potential as 

= ^ + ( 2 ) 


0° are shifted Higgs helds with vanishing VEVs. I assnme that CP violation in the Higgs 
sector is negligible and take n* as real and positive. 

A lot of physical qnantities of the theory depend on the Higgs VEVs. In calcnlating 
radiative corrections to these qnantities, the VEVs have to be renormalized. In the 
minimal standard model with only one Higgs donblet, the renormalization of the Higgs 
VEV is nsnally snbstitnted by that of the weak boson masses i, i- However, this 
is not enongh for extended theories with two or more Higgs VEVs. For example, the 
renormalization of Vi in the MSSM is nsnally performed i, 1,0 by specifying the weak 
boson masses, which are proportional to vl + ^ 2 , the ratio tan/? = V 2 /V 1 . Since tan/? 
itself is not a physical observable, however, a lot of renormalization schemes for tan/? have 
been proposed in the stndies of the radiative corrections in the MSSM. Some of them are 
listed in Ref. Q. In this letter, I concentrate on process-independent definitions of tan/?, 
which are given by the ratio of the renormalized VEVs Vi. I discnss the renormalization 
of the nltraviolet (UV) divergent corrections to Vi and tan/?, working in the modihed 
minimal snbtraction schemes with dimensional rednction 0 (DR scheme). The resnlts 
are presented as the renormalization gronp eqnations (RGEs) for Vi and tan /?. Since they 
are not physical observables, they may depend on the gange fixing in general. I therefore 
investigate their gange dependence in the general gauge hxing []^. Althongh I show 
the resnlts for the MSSM, the resnlts for the gange dependence can be generalized for 
other models with two or more Higgs donblets. 

Even within the DR scheme, there still remains an ambignity of the way how to cancel 
the radiative shifts of the Higgs VEVs, An*, by the one-point fnnctions of by tadpole 
diagrams. One way is to cancel entirely by the shift of 0°. As a resnlt, the tadpole 
contribntions have to be added to all qnantities which depend on n*. The renormalized 
Vi give the minimnm of the tree-level Higgs potential and are jnst tree-level fnnctions of 
the gange-symmetric qnadratic and qnartic conplings in the Higgs potential. These Vi are 
therefore independent of the gange fixing parameters ||TI 


This renormalization scheme 


for Vi is sometimes nsed |^, |^, |T^, | 
qnantities. However, since the rnnning of Vi in this scheme is very rapid 


to show manifest gange independence of physical 

0 . 


and the 


tadpole contribntions appear in almost any corrections, this scheme is often inconvenient 
in practical calcnlations. 
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Another, more popular way BBSBH is to absorb An* by the shift of quadratic 
terms in the Higgs potential. The renormalized n* then give the minimum of the loop- 
corrected effective potential Ves{Hi, H 2 ). This scheme is very convenient in practical 
calculation, because the explicit forms of the tadpole diagrams are necessary only for 
two-point functions of the Higgs bosons. However, the effective potential is generally 
dependent on the gauge fixing parameters [|^, |T^ |^, The gauge dependence of 


the renormalized Vi and their ratio tan (3 then might be a serious problem in calculating 
radiative corrections. I will therefore discuss the gauge dependence of the running tan (3 
in this definition, in general gauges and to the two-loop order. 

The RGE for Vi can be obtained from the UV divergent corrections to Uj-dependent 
masses or couplings of particles. For simplicity, I use the corrections to two quark masses 
rufe and m^, ignoring the masses of all other quarks and leptons. These mass terms are 
generated from the bbHi and tiH 2 Yukawa couplings, respectively, as 


Lint = -hbbnbLivi/ a/ 2 -f 0?) - httRtL{v2/ a/2 -F 0°) + h-C- 


( 3 ) 


The gauge hxing term takes the form 

Lgf - ~ - ^PwGtv\^ 

^ ( 4 ) 

a=l 

The would-be Nambu-Goldstone bosons Gy for V = (Z,IV) appear in Eq. (H). The 
parameters pv = where rriy = gyiyl + v^)/A = S'!) S'! = S'i + S'y) masses 

of Z and W^, are introduced in Eq. (1). This is to emphasize that the gauge symmetry 
breaking terms ^ymy in Lgf, and also in the accompanied Fadeev-Popov ghost term, has 
very different nature from Vi generated by the shifts (^, as shown later. The terms pyGy 
in Eq. (^) are expressed in the gauge basis (|^ of the Higgs bosons as 

PzGz = izT^zGz = —V^Iui(piZ0? — P 2 Z(t> 2 )i (3) 

PwGw = = —{piwHf — P2wHf), ( 6 ) 

with parameters piy. The usual form of the R^ gauge hxing in the MSSM is recovered by 
the substitution ii 

{piv,p2v) = iy gy {vi, V 2 ) /2 = ^y my {cos j3,smj3). (7) 

The UV divergent corrections to mb contain one source for the SU(2)xU(l) gauge 
symmetry breaking. It is either vi originated from the shift @ of or piy in the 
R^ gauge hxing term (1) and the Fadeev-Popov ghost term. The former contribution is 
obtained from that to the Yukawa coupling hb by replacing external 0° by ni/A/2, 

except for the wave function correction of to hb- Similar argument holds for the UV 


3 





divergent corrections to rrit and to the tRtLcj)^ Yukawa coupling ht. As a result, if the piv 
contributions are absent, the runnings of Vi are the same as those of the wave functions 
of namely 


dvi 

dt 

dv2 

dt 


1 

hb 

1 


rzd dhb 

<<“■> - f - 


= -llVl, 

= - 72 ^ 2 , 


( 8 ) 


where f = In is the DR renormalization scale. The anomalous dimensions of are 
denoted as 7 *, which generally depend on the gauge hxing parameters The RGBs (H) 
for Vi have been widely used in the Landau gauge ^ = piv = 0. 

However, in general gauges, piy in the gauge hxing terms (H) may give additional 
contributions to the quark mass running, as bbpiy and ttp 2 v- Since they have no corre¬ 


sponding contributions to the bbcpi and couplings, the RGBs for n* deviate l2l 
from Bq. (|^). Their general forms are then 


dvi 

—JT = —Ji^i + YivPiV, 

dt 


( 9 ) 


where Yiv are polynomials of dimensionless couplings. Therefore, the RGB for tan/3 
becomes, using Bq. (0), 


^ tan/3 = tan/3 f -72 + 71 Y 2 V - 


dt 


IV 




( 10 ) 


I then give explicit form of the RGB for tan/3 in the MSSM, to the two-loop order. 
Birst, one-loop RGBs for Vi {i = 1, 2) are 


dvi 

dt 


= -7^^^ + 


Hoop 


(dvr 


■^{gzPiz + ‘^g2piw) 


= Vi 


-IP+ 


'^zg. 


(dvr) 


+ ^wgl 


with the one-loop anomalous dimensions 7<7 


(4;r)^7f' ^ V/ig - ^^2 (l “ “ ^z), 


( 11 ) 


( 12 ) 


where = {hl,h‘f) for i = (1,2), respectively, and Nc = 3. The piz contribution to nib 
is obtained from the diagram in Big. 1. All other contributions of piv to rUg come from 
similar diagrams. Bq. ( 0 ) is consistent with the result in Refs. 1,0 for ^ = 1 . Since 
the gauge dependence of 7 *, as well as the contribution from {piz, Piw) satisfying Bq. (i. 
cancels in the ratio ( 0 ). the one-loop running tan/3 is gauge parameter independent in 
the Rg gauge. 
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I next proceed to the two-loop corrections. The two-loop anomalous dimensions 'yl 


( 2 ) 


are obtained from the general formula in the MS scheme (the modihed minimal 
subtraction schemes with dimensional regularization), after conversion into the DR scheme 


as 


(4vr)Sf^ = + + 

(dvr)*^72 ^ = —Nc{‘ih^+hlhl) + 2 Nchl(^gl + -g^+L{g). 


(13) 


The last term L{g) is a gauge-dependent 0{g^) polynomial and is common both for 7 ) 
and 72 ^\ The ^ dependence of the 0{h'lg‘^) terms completely cancels out 


m 


( 2 ) 
1 

Note also 


that the 0{h^) and 0{h‘^g‘^) terms agree with the result in the ^ = 0 gauge and with 
the superheld calculation which uses manifestly supersymmetric gauge hxing. 


The two-loop piv contributions to dvi/dt have 0{h‘^gpiv) and 0{g^piv) terms. The 
latter is common for both i = 1 and 2, and cancels out in the ratio tan/? if Eq. (|^) is 
satished. Therefore, only the former 0{h‘^gpiv) contributions are explicitly calculated. 
For example, the 0{h‘lgzPiz) contribution to Vi comes from the diagram (a) in Fig. 2, 
while other diagrams (b,c) cancel each other. The RGEs for n* are hnally 


dvj 

dt 


( 2 ) 

= -Ti Vi 


Nch? 

^XdzPiz + ‘^QwPiw) + Pv{9)PiVi 


21oop 


(dvr) 


(Id) 


where again = (h^, hi) for i = ( 1 , 2 ), respectively. Pv{g) are possibly gauge-dependent 
0{g^) functions which are common for both piv and p 2 v- If is therefore seen that. 


due to the piv contributions in Eq. ([I^) , the running tan/? has the 0{h1g1, hlgy) gauge 


parameter dependence. Although existing higher-order calculations of the corrections to 
the MSSM Higgs sector ^ |2^ have not included the contributions of these orders 

yet, the gauge dependence of tan/3 may cause theoretical problem in future studies of the 
higher-order corrections in the MSSM. 

One way to restore the gauge independence of renormalized running tan /? is to intro¬ 
duce gauge-dependent shifts of 0 ° such as to cancel the piv contributions to the effective 
action. This modihcation corresponds to the addition of extra shifts of n* to all diagrams. 
The running Vi in this new dehnition then obey the same RGEs as those for Hi, namely 
Eq. (H). The modihed renormalized tan/? becomes gauge independent to the two-loop 
order. However, an extra two-loop shift 5{y2/vi) has to be added to any quantities which 
depend on tan /3. 

Before leaving, I briehy comment on two related issues in the process-independent on- 
shell renormalization of Vi and tan /? which is used in Refs. 00 - First, they cancel the 
one-loop piv contributions by extra counterterms for n,, 5vi, and determine their hnite 
parts by imposing the condition 5vi/vi = 5v2/v2- It is clear from Eq. (pAf) that this 
condition has to be modihed beyond the one-loop. Second, the gauge dependence already 
appears in the one-loop hnite part of the on-shell counterterm 5(tan/3). This is similar 
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to the gauge dependence of the on-shell renormalized mixing matrices for other particles 

0 - 

In conclusion, I discussed the UV renormalization of the ratio tan/3 = V 2 lv\ of the 
Higgs VEVs in the MSSM, to the two-loop order and in general gauges. When renor¬ 
malized Vi are given by the minimum of the loop-corrected effective potential, the contri¬ 
butions of piv in the gauge fixing term cause two-loop gauge dependence of the RGE 
for tan (5. To avoid this gauge dependence, the contributions of piv have to be cancelled 
by extra shift of the Higgs boson helds 0°. 
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Piz 


Figure 1: One-loop divergent contribution of piz to mi,. There is another diagram 
obtained from this one by the interchange {b^ ^ b^). 
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Piz (a) 



Figure 2: Two-loop divergent O^h^gpiz) contributions to mb- The diagrams obtained 
from (a-c) by the interchange {bi b^) also contribnte. The blobs in diagrams (b, c) 
denote the 0{hg) qnark-Higgs and sqnark-higgsino snbloops. One-loop snbdivergences 
are snbtracted in the calculation. The divergences of (b) and (c) completely cancel ont. 
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